ON MULTIPLIERS OF p-INTEGRABLE FUNCTIONS(Y)

BY
LIANG-SHIN HAHN

Introduction. Let G and G be two locally compact abelian groups, dual in the
sense of Pontrjagin. Let L?(G), 1 Sp=<o0, be the Banach space of equivalence
classes of pth power Haar integrable functions with the usual norm.

Let S: L%G) — L*G) and §: L*G) — L*G) be Fourier transform mappings.
Haar measures are chosen so that & and § are isometries.

Let S(G) be the space of simple functions on G i.e., finite linear combinations
of characteristic functions of measurable sets having compact supports; and
S(G) the corresponding space on G.

Let f be a bounded measurable function defined on G. We set

1f I, = sup{|3f1,/I8],; ¢ € S(G), ¢ # O}.
If || f||m, <o, then the mapping

T,: ¢ —> $139, 6 € S(G)

has a unique extension to all L?(G), and f will be called a p-multiplier.

In the present paper we investigate some sufficient conditions for a function to
be a p-multiplier. The history of the problem goes back to Bernstein, Hardy, and
Weyl, and has been extensively studied since then, by Calder6n, Hirschman, Stein,
Zygmund, and many others. The significance of the problem lies in the fact that
many classical works in the Fourier analysis can be stated in terms of multipliers.
For example, the famous conjugate function theorem of M. Riesz is equivalent to
the assertion that {i sign n} is a p-multiplier for 1 <p<oco.

The algebra of p-multipliers on G will be denoted by M,(G), or simply by M,.

Suppose 1/p+1/g=1, and L? x L'={f* g; fe L?, ge L%, where fx g is the
convolution of fand g. It is well known (Rudin [11, 1.1.6]) that

LPx L1 < C,

if l<p<oo.

Since the Fourier transform maps L%G) onto L%(G) isometrically, M, consists
of precisely the bounded measurable functions; and functions in L! * L* are
bounded and uniformly continuous (Rudin [11, 1.1.6]), we have

L'« L* © M,.
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Moreover, since L%G) = L%(G) consists of Fourier transforms of L!-functions on
G (Rudin [11, 1.6.3]), we have

L?>«L? < M,.
Thus one is led to investigate whether
L»+xL'< M,

holds for some other p, ¢, and r.

An application of the multilinear version of the Riesz-Thorin interpolation
theorem gives our main theorem, which shows that this is the case, and gives a
relation between p, ¢, and r.

This theorem, together with Calder6n’s work [3], gives some conditions for a
sufficiently smooth function to be in an appropriate M,. For example, a function
f satisfying an integral Lipschitz condition, say, fe Lip(e, p; G) for a>n/p,
p>2, where G is either a Euclidean space R or an n-dimensional torus T", is an
r-multiplier for 2p/(p+2)<r=2p/(p—2).

This proposition, naive as it appears, enables us to generalize some of the
theorems due to Hirschman [7]. For example, combining with the interpolation
theorem for Lipschitz spaces, one obtains a generalization of Theorem 4c in
Hirschman [7]. And if combined with the compactness of T*, we have a generali-
zation of Theorem 2a, Hirschman [7]. Furthermore, as a by-product, we have
another proof of L? norm convergence (1 <p<oo) for the Bochner-Riesz means
below the critical index.

Standard facts in harmonic analysis will be used freely in what follows. Results
for which no explicit reference is given will be found in Rudin [11] or Loomis [9].

Acknowledgment. 1 would like to take this opportunity to express my heartfelt
gratitude to Professor Karel de Leeuw for his constant encouragement and
guidance throughout my graduate work.

Main theorem. By definition, a bounded measurable function f is in M,(G) if
and only if there is a constant K such that

187341, < K¢l
holds for all ¢ € S(G). The infimum of such constants K will be denoted by | f1 s,
Note that ||- ||, is only a seminorm and not a norm.

LEMMA 1. Let 1 <p<oo, and f be a bounded measurable function on G. Then the
following are equivalent:

() fe My(G);
(i) There is a constant K such that

|[, 73034 5 K101, 191,

for all ® and  in S(G) (1/p+1/g=1).
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Proof. (i) = (ii). If fe M,(G), then by the previous remark,
1flu, = sup{|3f3D],; @€ S(G), @], < 1}.

But, since LYG) is the dual of L?(G), and S(G) is dense in L%(G), this is the same as
the supremum of

{|f, @roomfs 0. 4e 5@, 101, = 1, 1ute < 1}
By Plancherel’s theorem, this in turn is the same as the supremum of

oo

(i) = (i). If (i) holds, reversing the preceding argument one sees that the operator

T: S(G) — L*(G)

0,456, |1, 5 1, ¥l s 1}

defined by
TO = §f30, ® € S(G),

has L?(G) norm less than or equal to K. Thus T extends by continuity to all of
L?(G) with the same norm, showing that f€ M,(G) and | f| ., S K.

Note that this lemma can easily be extended to multipliers from L? to L
Namely, f'is called a (p, q)-multiplier if

sup{| /3¢ 4],; ¢ € S(G), ¢ # 0}
is finite. The set of all (p, g)-multipliers will be denoted by M3G). Then we have

LemMA 1'. Let 1/g+1/p'=1/q+1/q’'=1. The following are equivalent:
() fe MYG);

(ii) There is a constant K such that

U@f ‘““"Wl < K[®,: [¥lo,

for all ® and ¢ in S(G).

Note also that M3(G) contains only the zero function if p>q and G is not com-
pact (Hormander [8, Theorem 1.1]).
We need two more well-known results (see Hormander [8, Theorem 1.3]):

LEMMA 2. Let 1/p+1/p'’=1/q+1/q'=1. Then
M3 =M,

in particular,
M,=M,.

LeEMMA 3. If 1Sp=<q=2, then
M, < M,
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Lemma 2 is a consequence of the duality of L? and L”, and Lemma 3 follows
from the Riesz-Thorin interpolation theorem (see Zygmund [15, XII, Theorem
1.11]). These two lemmas together assert that the set of points 1/p for which fe M,
is a line segment symmetric with respect to the point 1/2.

Before we proceed to our main theorem, let us make the following

Convention 4. In the sequel, by “{---}=M/(G) for 1Sr<c”, we mean:
{---}=M,(G) for 1=r=oo if G is not compact, and {- - -} = M,(G) for 1Sr=<oo if
G is compact.

This is due to the fact that S(G) is not dense in L*(G) unless G is compact.

THEOREM 5. Let 1<p<2, 1/p+1/g=1. Then
L?(G) x LY(G) = M,(G)
for 2p/(3p—2)=r=2p[(2—p); or equivalently, for 2q/(q+2)<r=<2q/(q—2).
Note that for p=1 and p=2, Theorem 5 reduces to the trivial facts

L'xL* < M,
and
L2x[? < M, forl £r £ 0.

Proof of the theorem. First, let us prove the following inequality:
0 [, -00-39|  fl lelo- 11 141
for all ® and ¢ in S(G), f and g in S(G). For,
[, 0 er00-34] s 1748l [, 5024

< 1fla lgle- 1SPl2- |92
(by the Schwarz inequality)

< Il lgle- [Pl 1412
(by Plancherel’s theorem).

Similarly,
® [, 0-30-39] 5 1/l el 10191

holds for all ® and ¢ in S(G), f and g in S(G).
Consider the multilinear mapping

T: () x S(G) x S(G) x SG) = C
(where C is the complex field), defined by

T2 ®,4) = fé(f*g)-mw.
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Inequalities (1) and (2) assert that T satisfies the inequalities

IT(f & @, 9| = [f15- 12l | Dr- 11ls

for p=1, g=00, r=2, and s=2; and for p=2, g=2, r=1, and s=co.
By the multilinear version of the Riesz-Thorin interpolation theorem (see
Zygmund [15, XII, Theorem 3.3]), T satisfies these inequalities for

Ip=(0-DD+XD), lp+ljg=1,
r=A=-0®+Ad), lr+ljs=1,

‘where 0= A< 1. Eliminating A, we have 1/p+1/r=3/2.
This, together with Lemma 1 and the density of S(G) in L?(G) and LG), proves
that

L*(G) * LYG) = M/(G)

for 1/r=3/2—1/p=(3p—2)/2p.

Now, applying Lemmas 2 and 3, we have the desired result.

The conclusion of the theorem cannot be strengthened, since as a consequence
we will derive a generalization of Theorem 2a of Hirschman [7], whose conclusion
is known not to be improvable.

Note that

If*glu, = 1flo 18l feL?, gL

Applications G =R". In this section, we will find some applications of the main
theorem to n-dimensional Euclidean space R™.

For x=(x,, ..., x,) e R, set |x|=[>7., x7]"%

From now on, the Fourier transform of a function f will be denoted by /™.

DEFINITION 6. Let « be a complex number and 1 Sp<oco. We define LYR™) to
be the image of LP(R*) under the so-called Bessel potential operator J, of order «,
where J,, is defined by

(ef)" = (1+4n%|x]?) "2 17

This makes sense for Re(e) >0, and the operators J, form a semigroup.
For the sake of understanding the operator J, and the space L2, we state the
following theorem; the proof of it can be found in Calderén [3, Theorems 1 and 2]:

THEOREM 7. For Re(e)>0 and 1<p=<co, the operator J, transforms LP(R")
continuously into itself, with norm less than or equal to 1.
If Re(e) 2 |k|, then (0/0x)*J, transforms LP(R™) continuously into itself.

Thus it is reasonable to think that the space LZ, | <p<oo, with « a positive
integer, coincides with the space of functions which together with their derivatives
up to and including « belong to L*.
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Hereafter « will be a positive real number. We need the following results
(Calderdn [3, Theorems 5 and 6]):

THEOREM 8. (a) If « =B, then Ly L3,
(b) Let p>1, «2B, and 1/qg=1/p—(a«—B)/n>0; then L, < L3.

For 0<a<n, the function (1+4n%|x|?)~*2 is the Fourier transform of an
integrable function K,(x), where

© 2\(n—-a-1)/2
3) Ku(x) = yoe~ ! J' e"""(t+%) dt
1]

with

y=i(@) = (myn-oer(3) T3 )

(see Aronszajn and Smith [1]).
Thus, by redefining on a set of measure zero, L%, is the space of functions f of the
form

[=J0 =K, %O, ® e LP(R").

Suppose 0 <« <n, then for |x| 21, the integral on the right of (3) is bounded,
and thus the right-hand side is O(e~'*"). For |x| £1, the integral is dominated by

C[l+ J’:o e~ 1xltgn—a-1 dt] < Clx| e
Hence
|K(x)] S Cpe™ %! |x| e
From this we get
@ K.,e'R")ifnjp <a<n, lp+ljg=1

THEOREM 9. (a) If 1 <p=<2 and o> n/p, then LY(R*)< M, (R") for 1 =r<oo.
(b) If g>2 and o>n|q, then LYR")< M,(R") for 2q9/(q+2)<r=<2q/(q—2).

Proof. By Theorem 8(a), L2< L3 if « =8, so we may consider the case n/jp<a<n
only.
As L2 is the class of functions f on the form

f=J®) = K % @,
where ® € L?, we have, by (4)
L2 < LP« L, l/p+1/g=1.
Hence from Theorem 5, we get the part (b); and for the case 1<p=<2,

Ly = M, for 2p/3p—2) = r £ 2p/(2—p).
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In particular, if B>n/2, L= M, for 1 =r<oo. Now, by Theorem 8(b),
Ly < L} if}=1/p—(a—B)n,

and since B—n/2=a—n[p>0, the proof is complete.

ReMARK 10. The conclusion is still valid even if p=1; simply pick B such that
nf2<a—B, nf2<B<a—n/2, and proceed as before. (See Calderén [3, Remark
after Theorem 6].)

DEFINITION 11. Let « be a real number and «, the largest integer less than «.
Let AZ=A%(R") be the class of functions f, f€ L%, such that

1A -af Il = O(lA|*=*),  heR",

where A, f(x) = f(x+h)—f(x).
Also let Lip(e, p) = Lip(e, p; R®) be the class of functions f such that for
|k| < oy, (9/0x)*f € L?, and for |k|=a,

A,,(%)k f“p — O(h[**)  ifa—ay < 1;

ny(Z) if
n(a = Oo(|h)) ifa—o, = 1.

The following fact is known (Calderé6n [3, Theorem 8]):
THEOREM 11. (a) If « is not an integer,
AZ = Lip(a, p).

(b) If 1 <p<oo, then J; maps A%, onto A%, ;.
(©) If 1<p<oo and «> B, then
AL <[5 < AL

With these preliminaries we now prove the theorem announced in the intro-
duction.

THEOREM 12. (a) If 1 <p=<2, a>n/p, then Lip(«, p; R*)= M (R") for 1<r<co.
(b) If9>2, a>n|q, then Lip(, g; R") = M,(R") for 2/(q+2) <r<2q/(q—2).

Proof. If o is not an integer, pick B such that « >8> n/p, and applying Theorem
11, we have

Lip(e, p) = Af < Lj.

Now Theorem 9 gives the desired result for this case.
If « is an integer, let B be a noninteger and o>B>n/p, then

Lip(e, p) < Lip(8, p). .

Now the previous paragraph applies to Lip(B, p), and we get the desired result
again.
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We need the following very special case of the interpolation theorem for Lipschitz
spaces obtained by Taibleson [13, Theorem 8]:

THEOREM 13. Suppose f € Lip(w, py), i=0,1, and let «=(1—2A)ag+ Aay,
1/p=(1—A)[po+ Alpy, where 0 A=< 1. Then
S € Lip(c, p).
THEOREM 14. Let 0<a<n/p, B>n/q, and 2<p<q. Then
Lip(e, p; R") N Lip(B, ¢; R") = M,(R")

Sor 201+ 2(1-p)/p+p/g))*<r<2[1-2(1—p)p+ur/g)] ™", where p satisfies
(1=pet+pB=n((1-p)p+npq).

Proof. From Theorem 13, we have

Lip(e, p) N Lip(8, q) < Lip(r, t)
for r=(1—Aa+AB, 1/t=(1-2)/p+A/q, 0=AZ1. If p<A =1, then v>n/t, hence
Lip(r; ) © M, for 2(1+2/t)"* = r < 2(1-2[t)" 1,

by Theorem 12, and the desired result follows.

REMARK 15. The case p=2, g=0c0, was obtained by Hirschman [7, Theorem
4c].

REeMARK 16. The condition 2<p<gq is not essential. Even if p<2<gq, we can
still improve the result obtainable from Theorem 12 by the same argument.

As an application of Theorem 14, we prove that the Bochner-Riesz means for
multiple Fourier integrals converges in L? norm (1 <p<oo) below the critical
index §=(n—1)/2.

Let 1<p=<2,8>Q2/p—1)(n—1)/2 and

So,p(x) = [1=(|x|/R)?P,  |x| < R;
=0, |x| = R.
Then by computation
Ss.r € Lip(8, ) N Lip(8+1/2, 2).
Hence from Theorem 14, S, € M,.

Let
Sl = [ [=(I\RPF & 12(0) dy.

ly]

By the similarity argument, S; ; as an operator on L?(R"), has a norm independent
of R. Hence by the uniform.boundedness theorem,

Ss.x(f) > f
in L? as R — 0. (See Stein [12].)
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DEFINITION 17. Let f be a function defined on R. Let

n-1 1l/p
Vo) = sup( 3, St s}
where the supremum is taken over all sets of real numbers x,<x,;<:-- <x,.
V,[f] will be called the p-variation of f.

THEOREM 18. If f is a function defined on R, and

l. feL’(R), p22;

2. Vylf]l<o;

3. | f(x+h)—f(x)| £ O(|h|%) for some 8>0.
Then fe M, for 2p/(p+2)<r<2p/(p—2).

Proof. Let us consider
818 = [ 1fx+B~f@P d.
Without loss of generality, we may assume that A>0. Then
(k+ 1Dh
sl = 3 [ L+ B = Al
keZ Jkh

where Z is the group of integers.
Let x, be that value of x in [kh, (k + 1)A] for which | f(x+ h)—f(x)| is a maximum.

Then
18 f15 < h[gg],
where
2= 2 ot H=feel,
and

Z = kz | fCxic+ ) —f(x)|”

even

Since x <x,+h <Xy, for all k € Z, we see that >, and 3, are both not greater
than V?[f], and thus

IALf|E < 20V2LS).

And since we have assumed that fe L?(R), we get

SfeLip(l/p, p).

By assumption 3, f also belongs to Lip(8, c0). Thus by Theorem 14, we have the
desired result.

Note that Theorem 18 contains Theorem 4e of Hirschman [7] for the case
8> 1/p.
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Note also that the condition p =2 can be changed to 1 <p <2; in that case we have
feM, for 1 £r < oo.

Applications G = T". Now let us consider the n-dimensional torus T*=(—1/2, 1/2].
Suppose «>0, and define

©) KX©0) = D K[(6+k), 6eTn,
k
where the summation runs through all lattice points k=(k,, ko, .. ., k,) in R™
From our former estimate
6) | Ko(x)] £ Cpe™ V2| x| e,

the sum in (5) converges absolutely to a continuous function except at the origin.
Furthermore, for m € Z*, _

K*(m) = f ¢~ 21m.0) K ¥(0) df
Tﬂ

- Lﬂ e-zn«m-w[z K¢(0+k)] do

keZ"

- Z j e~2KmO+O K (04 k) df
kezr JT

= J. e—2ni<m.x)Ka(x) dx
R®

= K (m)
— (l+|m|2)—a/2'
And by the inversion formula, we have

KX = Z (1 + |k|2) - *12e2mi¢e.0>

Kezn
As before, we have

4y K¥elL(Ty if o> nlp, llp+llg=1.
And the analogue of Theorem 11 holds if we define Li(T"), AX(T") and

Lip(e, p; T*) accordingly. Thus torus version of Theorems 12 and 14 are of course
true; namely,

THEOREM 12'. (2) If 1<p=2, a>n/p, then Lip(e, p; TY)= M(T") for 1Sr=oo0.
(b) If9>2, a>nq, then Lip(a, g; T") = M(T") for 2q/(q+2) =r <2q/(9—2).

THEOREM 14'. Let 0<a=n|p, B>n/q, and 2=<p <q. Then
Lip(e, p; T*) N Lip(B, ¢; T") = M(T")
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for 2[1+2((1—p)/p+plg)l t<r<2[1=2((1-p)p+p/q)]~*, where u satisfies
(I=pe+pB=n((1—p)p+pq).

Again the condition 2<p <gq is not essential.
As an application of our argument, we prove the following (Zygmund [15,
VI, Theorem 3.6]):

THEOREM 19. If f is of bounded variation on T and satisfies a Lipschitz condition
of order «, for some o« >0, then the Fourier series of f converges absolutely.

Proof. Since f is of bounded variation means fe Lip(l, 1), (see Zygmund
[15, Vol. I, p. 180]). Hence

fe Lip(e, ©0) N Lip(l, 1).

Thus by the interpolation theorem for Lipschitz spaces,
fe Lip(%’l, 2)-

Now from Theorem 12', fe M, for 1 =<r=oo. Therefore the Fourier series of f
converges absolutely. For, g € L*(Z) implies fg is a Fourier transform of a function
in L*(Z). In particular, if we take

gm=1 n=0;
=0, n#0,

then g(0)=1 for all 8 € T. Hence f itself is a Fourier transform of L!(Z)-function.
Again, as in the case of Euclidean space, Theorem 14’ implies L norm con-
vergence for Bochner-Riesz mean of multiple Fourier series (see Stein [12]). Let

Ss.r(f, 0) = Z a1 —(|k|/R)?|e2m <>,
|

kISR
where

a, = f e-2n£(k,0)f(0) d0.
Tn
Then
Ssx(f)—>f inL?

whenever fe L?, provided §>(2/p— 1)(n—1)/2, 1<p=<2, or §>(2/p'—1)(n—1)/2,
2<p<oo, 1/p+1/p'=1.
Moreover, since T" is compact, we have

Q) Lip(e, p; T*) = Lip(e, ¢; T") if p = ¢.
Combining this with Theorem 12’, we obtain
THEOREM 20. Suppose n[q<a=n[2; then
Lip(e, g; T") = M(T")
Jor 2n|/(n+20) <r<2n/(n—20).
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Proof. Since
Lip(e, ¢; T") < Lip(e, p; T") ifp < g,
and
Lip(e, p; T") = M(T")

for 2p/(p+2)<r=<2p/(p—2) if «>n/p, we have the desired result.

REMARK 21. The case g=o0, n=1 is due to Hirschman [7, Theorem 2a].

Note that if a>n/2, ¢=2, then Lip(x,q; T") < M(T") for 1=<r=oco. This
statement contains the n-dimensional torus version of Bernstein’s theorem (see
Zygmund [8, VI, Theorem 3.1]):

THEOREM 22. Every function in Lip(e, c0; T™) has absolutely convergent Fourier
series if «>nf2.

Note also, by comparing Theorem 20 with Theorem 14’, one finds that neither
implies the other.

The following is the analogue of Theorem 18 on the circle first obtained by
Hirschman [7, Theorem 2e]:

THEOREM 18'. Let f be a function defined on T. If
1. V,[fl<oo, p22;
2. | f(6+h)—f(0)| £ O(|h|%), for some 8>0.

Then fe M(T) for 2p/(p+2)<r<2p/(p—2).

Proof. Since T is compact, condition 2 implies f € L?(T). The rest of the proof
is exactly the same as that for Theorem 18.
Note again that if the condition p>2 is replaced by 1 £p <2, we have

feM(T) for1 =r < oo

Application G=Z. Finally, let us consider the group Z of integers.
DEFINITION 23. Let f be a function defined on Z. By fe Lip*(e, p; Z), we mean
f€ LP(Z) and there exists a constant K such that

[Anflr2 £ K(Jm|*) for allme Z,

where A, f(x)=f(x+m)—f(x).

Note the difference between the spaces Lip(e, p) and Lip*(e, p). The former
emphasizes small |h|, A,f(x)=f(x+h)—f(x) (see Zygmund [15, II]), while the
latter is defined on a discrete group.

The following includes the analogue of Theorems 18 and 18’ on Z:

THEOREM 24. Suppose p>2 and 0<a<1. Then

Lip*(e, p; Z) = MJ(Z) for 2p[(p+2)=r=2p/(p—2).
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Proof. Since
Lip*(e, p; Z) = Lip*(8,p; Z) if e« 2 B;

it is sufficient to prove for 1/p<a<1.

Let fe Lip*(e, p; Z). Without loss of generality, we may suppose that f is
real-valued. Let g be the polygonal function on R that interpolates f linearly.
glz=/. We shall show that ‘

g e Lip(e, p; R).

Ielra = [, 8GOl dx

n+1
=2 f |&(x)|” dx.
neZ Jn

Since |g(x)|? is a convex function of x on [n, n+1] for each ne Z,

lgls = Zz max{| g(n)|?, | g(n+1)|°}

= z max{|f(n)|?, | f(n+1)|?}

nez
= 2| flEr@ < .
Therefore
g € L*(R).
Consider

lAnglz = L | g +h)—g(x)|? dx.

Without loss of generality, we may assume that #>0.
Suppose A= 1, then

n+1
gtz = 3 [ gt Hy—gCol

n+1+[hR]1-h n+1
nP [T I |
nez n n+1+[h]-h.

Since the integrand is convex in each interval, we have

18ngle < O, (1+[h]—h)-max{| f(n+ [B)—f@)?, | f(n+ [h]+ D)~ f ()|}

nezZ

+ > (h—[h])-max{| f(n+[K]+ )= fn+ D|?, | f(n+ [B]+2) —f(n+ 1)}

nezZ

< 2 max{|Apf (15, [Ami+ 1 flI5}
= O(h*?).
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If0<h<1, then

n+1
Itaglz = 3 [ 1gGr+m—gCole d

=S s m-glrax + [T gt m-goole ax]-

n+1

Since the integrand is constant in the first interval, and convex in the second, we
have

lAglz < > (A—h)|hlgn+1)—gn)]|®

nezZ

+ > h-max{|g(n+1)—gn+1-h)*, |gn+1+h)—gn+1)|"}

nezZ

< > (1-h)|hlgn+1)—gm)]|”

nez

+ > h-max{|h[g(n+1)—gm)]|?, |A[g(n+2)—g(n+1)]|"}

nezZ

< > P+ D)—f)P+ Zz B *2| f(n+2)—f(n+1)|?

= O(h*)+ O(h**?)
= O(h)
< O(h®).

Hence
g e Lip(e, p; R).

Therefore, by Theorem 12,
ge M,R) for 2p/(p+2) = r = 2pl(p-2),

since we are assuming that «>1/p.
Applying Proposition 3.3 of de Leeuw [4], we have

f=glze M(Z) for 2p/(p+2) < r < 2p/(p-2).

Theorem 24 contains Theorem 3b of Hirschman [7] for the case pé> 1.
Note if 1<p<2, 0<a<]1, then Lip*(x, p; Z)<= M(Z) for 1=r<co.
The interpolation theorem for Lip*(e, p) holds, and we have

THEOREM 25. Suppose a>1>B>0 and 2<p<gq, then
Lip*(e, p; Z) N Lip*(B, ¢; Z) = M(Z)

Jor 201 +2(1-plp+pl@)) t <r<2[1=2((1-p)p+u/g))~* where p satisfies
(1-patpB=1.
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